We investigate the stress-driven morphological instability of epitaxially growing multilayer films, which are coherent and dislocation-free. We construct a direct elastic analysis, from which we determine the elastic state of the system recursively in terms of that of the old states of the buried layers. In turn, we use the result for the elastic state to derive the morphological evolution equation of surface profile to first order of perturbations, with the solution explicitly expressed by the growth conditions and material parameters of all the deposited layers. We apply these results to two kinds of multilayer structures. One is the alternating tensile/compressive multilayer structure, for which we determine the effective stability properties, including the effect of varying surface mobility in different layers, its interplay with the global misfit of the multilayer film, and the influence of asymmetric structure of compressive and tensile layers on the system stability. The nature of the asymmetry properties found in stability diagrams is in agreement with experimental observations. The other multilayer structure that we study is one composed of stacked strained/spacer layers. We also calculate the kinetic critical thickness for the onset of morphological instability and obtain its reduction and saturation as the number of deposited layers increases, which is consistent with recent experimental results. Compared to the single-layer film growth, the behavior of kinetic critical thickness shows deviations for upper strained layers.
I. INTRODUCTION
In recent years, much attention has been focused on the heteroepitaxial growth of multilayer films for the purpose of fabricating high-quality low-dimensional structures.
1 Currently, two kinds of multilayers are being actively studied: ͑i͒ the alternating tensile/compressive multilayers exploited as multiple quantum wells or short-period superlattices;
2-8 and ͑ii͒ multisheets of coherently strained layers ͑or islands͒ alternately separated by spacer layers of substrate materials ͑strained/spacer arrays͒.
1, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] Experimentally, these multilayer structures are grown coherently on the substrates, without the generation of undesirable misfit dislocations. When instability occurs and develops during the multilayer films growth, one of the most important phenomena is the formation of self-organized nanostructures. For the tensile/ compressive multilayers, lateral modulations have been found during the epitaxial growth, showing as the modulated pattern of alternating vertical or columnar structures with strong contrast compositions. [2] [3] [4] [5] [6] [7] These modulation structures that form spontaneously are very useful for the quantum wires fabrication. For the strained/spacer multilayer structure, a remarkable phenomenon is the vertical selforganization of multisheet arrays of three-dimensional ͑3D͒ islands ͑quantum dots͒.
1, [9] [10] [11] [12] [13] [14] [15] [16] [17] The islands are vertically correlated in successive strained layers, with the increasing uniformity ͑including island size and density͒ as the number of layers increases. These low-dimensional nanostructures ͑such as quantum wires and quantum dots͒, realized through the development of multilayer film instability, exhibit novel electronic and optical properties, including the band structure, carrier transport, etc., and are of intense interest both for fundamental studies and for application to devices with enhanced optoelectronic performance.
The mechanism of occurrence of instability in strainedlayer growth is believed to be stress-driven. When a singlelayer strained film ͑with single component͒ is grown epitaxially on a substrate, the morphological instability develops due to the nonuniform strain energy distribution with respect to any surface corrugations and the surface diffusion processes driven by the difference of local strain energy. 19, 20 When other layers composed of different materials, and consequently with different misfit strains with respect to the substrate, are deposited subsequently, as in the multilayer growth, the coupling of strain fields caused by buried layers and the growing one determines the morphological evolution of the surface profile. This coupling is the source for selforganized growth of vertical islands array in the strained/ spacer multilayer. 9, 11 For the tensile/compressive multilayer films, the phenomenon of lateral composition modulations can be explained by the morphological instability caused by the coupling strains, leading to the surface undulations and then to both the layer thickness modulations and composition modulations in the overall film through the stacking of layers. 6, 7 Although in the coherent multilayer systems the processes of morphological evolution are mainly dominated by elastic effects, our understanding of the mechanisms is incomplete and not well developed due to the complexity of the multilayer structures. One of the main difficulties of the theoretical investigations is in determining the elastic fields of the system, especially the surface strain field caused by all the buried layers or islands. First, the system is inhomogeneous due to the stacking of layers with different materials; second, the geometry of this system, which is composed of top surface, finite thickness of film layers and the semiinfinite substrate, is not symmetric and is therefore different from the case of bulk materials. Moreover, the interfaces between different layers are generally not planar ͑except for the interfaces between strained and thick enough spacer layers͒, and then the system cannot be simplified to an equivalent and solvable semi-infinite solid as in the study of single-layer films. [20] [21] [22] Thus, it is very difficult to exactly calculate the elastic fields of the system.
The theoretical work for multilayer systems is rather sparse, and some approximations have to be used. For the tensile/compressive multilayer structure, Sridhar et al. 23 considered an infinite periodic and symmetric system with the dynamics controlled by interfacial diffusion, and focused on the interior layers that are far away from both surface and substrate, instead of the surface morphology that we are interested in this paper. In the recent work of Shilkrot et al., 24 the surface diffusion and morphological evolution is discussed, with the determination of stability for multilayer films. The Eshelby procedure 25 is used for each buried interface, which is assumed to separately contribute to surface strain. Then the problem is approximated to be that of a misfit inclusion in a semi-infinite homogeneous isotropic elastic medium with the presence of a free surface. For a system of stacked coherent strained islands ͑strained/spacer multilayer͒, in the work of Tersoff et al. 9 each buried island is approximately treated as a point defect, and its contribution to surface strain is determined by using the continuum elasticity solutions of Maradudin and Wallis. 26 Their results explain the vertical correlation between islands of successive layers, showing the self-organization of the system. The size and shape of stacked islands also exhibit the self-organized effects, as studied in a later work by Liu et al. 17 Here, we propose a recursive procedure and develop a continuum, dynamical model to directly describe the morphological evolution of these coherent multilayer structures during the epitaxial growth. Using the isotropic linear elasticity theory, we calculate in Sec. II the elastic fields of the multilayer system directly from the linearized boundary conditions at all the buried interfaces and the top surface. Based on our elastic analysis, the coupling and influence of all the buried layers and interfaces are determined in Sec. III to describe the evolution of surface morphological perturbation. Within this framework, we investigate the stability properties of multilayer growing films by performing a linear analysis. Also, the effects of different material parameters and growth conditions on morphological stability/instability of multilayer films are determined and discussed.
We first apply in Sec. IV these results to the alternating tensile/compressive multilayer system, determining the effective stability properties. We investigate the effect of different surface mobilities of strained layers on the stability results, and the interplay between the relative mobility and the global misfit of multilayer film ͑especially the asymmetry between globally tensile and compressive films͒. In the absence of global strain, i.e., with a global strain-balanced condition, we find an interesting property that the system is more stable for the asymmetric structure ͑with respect to layer thickness and misfit͒ of compressive and tensile layers. The effects of relative surface tension and growth temperature are also studied.
Then in Sec. V we investigate the strained/spacer multilayer structure ͑for the case of flat surface of spacer layers͒, and calculate the kinetic critical thickness for the onset of 3D instability. We obtain a reduction and saturation of critical thickness in the upper strained layers, well reproducing the recent experimental observations. We also find that the behavior of kinetic critical thickness for upper strained layers deviates from that of single-layer film growth for large misfit and small deposition rate.
II. MODEL AND ELASTIC FORMULATION
Assume that a multilayer film is coherently deposited on a semi-infinite substrate ͑denoted by index 0) and consists of different layers iϭ1, 2, . . . ,k. In the general case, material of the deposited layer i can be different from that of the substrate and that of all the other layers, and its misfit with respect to the substrate is denoted as ⑀ i . As we know from the heteroepitaxial growth of a single-layer film, [19] [20] [21] [22] 27 ,28 the nonzero misfit strain can be relieved through the development of morphological instability, leading to a nonplanar surface profile zϭh 1 (x,y)ϭl 1 ϩ ͚ q ĥ 1 (q)exp(iq x xϩiq y y) for the first layer 1, with a coherent interface at zϭh 0 ϭ(x,y) ϭ ͚ q (q)exp(iq x xϩiq y y) ͑the average position ϭ0) between film and substrate, where l 1 is the average thickness of first layer and ĥ 1 ( ) denotes the surface ͑interface͒ morphological perturbation. Here we only consider the morphological modulations of the film, corresponding to the deposition of only a single component in each layer, and do not consider the compositional evolution which is important in alloy growth systems and which results in more complicated properties due to its coupling with the morphological evolution. 21, 22, 27, 28 When the second and higher layers are deposited with different materials and thus with different misfits, the undulating surface is buried as a frozen rough interface if the growth temperature T is not too high making interlayer diffusion negligible. Then the elastic state of the system is altered as a result of new deposition, and the morphological evolution of the new free surface is different from that of the first single layer due to the coupling of strain fields in different layers and the influence of buried interfaces on the elastic field and energy of the multilayer film as a whole. For a k-layer system, the growing surface profile is represented as h k (x,y,t)ϭ ͚ iϭ1 kϪ1 l i ϩv k tϩ ͚ q ĥ k (q,t)exp(iq x xϩiq y y), with l i (1рiϽk) the average thickness of ith layer underneath, v k the deposition rate of top layer k, and ĥ k the top surface perturbation. When we consider the atomic diffusion along the top surface and the uniform deposition of material as the dominant mass-transport processes, the evolution equation of the surface morphological profile is given by
where g k ϭ1ϩٌ͉h k ͉ 2 denotes the determinant of surface metric for top layer k, and
2 is the surface mobility with D s,k the surface diffusivity, k B the Boltzmann constant, N s,k and N v,k , respectively, the number density of atoms per unit surface area and per unit volume of layer k. Both the conserved thermal noise c and nonconserved deposition noise k are included in the above evolution equation, but are neglected in the following studies since they do not alter the results of linear analysis presented here. In Eq. ͑1͒, the free energy F of the system consists of two terms,
The first term is the surface energy with ␥ k the surface tension at the top free surface of layer k, and tends to stabilize the film morphology. E in the second term represents the strain energy density, and is, in linear elasticity theory, E ϭS ␣␤ ␣␤ /2 (␣, ␤, , ϭx, y, z), where ␣␤ is the stress tensor. For an elastically isotropic system that we assume here, the elastic compliance tensor S ␣␤ ϭ␦ ␣ ␦ ␤ (1 ϩ)/EϪ␦ ␣␤ ␦ /E with Young's modulus E and Poisson ratio . The form of total free energy in Eq. ͑2͒ implies that we have neglected the wetting effect of each deposited layer, which is not dominant when the layer thickness is assumed to be large enough. The wetting effect is related to the interaction between two successive layers or between film and substrate, and is important for thin films with thickness less than 3 ML. 29 Substituting Eq. ͑2͒ into Eq. ͑1͒, we obtain the expression for surface profile evolution of top growing layer k,
where is the surface curvature, and E k is the elastic energy density evaluated at surface zϭh k and is dependent on all the surface and interface morphologies due to the coupling of strain fields. Since here we focus on the stability of the multilayer system and hence the early evolution regime with small perturbations, to determine the corresponding important properties we only need the first-order evolution equation for surface morphology. Expanding Eq. ͑3͒ in Fourier space to first order of the morphological perturbation, we obtain the linearized evolution equation that will be used in the following linear analysis:
with Ê k (q) the first order elastic energy density evaluated at the growing surface position. For the buried interfaces between layers iϩ1 and i (1рiрkϪ1), the morphology h i (x,y)ϭ ͚ jϭ1 i l j ϩ ͚ q ĥ i (q)exp(iq x xϩiq y y) as well as its perturbation ĥ i are also determined by Eqs. ͑3͒ and ͑4͒ during the growth of layer i, with the parameters of layer k replaced by those of layer i; then the morphology at the top of the ith layer remains unchanged ͑with the evaluation at tϭl i /v i ) when the subsequent layers are deposited.
The above evolution form of the surface morphology is analogous to that used for single-layer film growth, [20] [21] [22] 27, 28 but the crucial difference is in the determination of elastic energy density E, which is affected by all the underlying layers and the substrate, which are made up of different materials, in the inhomogeneous multilayer systems. To obtain the elastic free energy in linear elasticity theory, the stress tensor of each layer i (1рiрk or substrate iϭ0 with ⑀ 0 ϭ0) and then obtain the elastic fields u ␣,i for all the coupling layers and substrate (0рiрk) without any approximations.
Here we have assumed that in this nonequilibrium system of growing multilayer film, the mechanical equilibrium ͑6͒ occurs instantaneously compared to the film morphological evolution process. The corresponding boundary conditions can be obtained by the consideration of the negligible external pressure on top growing surface, leading to
and the coherence at the buried (iϩ1)/i interface for 0рi рkϪ1,
with n ␤,k and n ␤,i the unit vectors normal to the surface of layer k and (iϩ1)/i interface, respectively. Also, in the semiinfinite substrate, the decay of strain field far away from the film results in
Therefore, for a k-layers system with one top surface and k interfaces, we have to solve 6(kϩ1) equations from boundary conditions ͑7͒-͑9͒ to determine the solution of mechanical equilibrium equation ͑6͒ for all the layers and substrate. Also, due to the nonplanar interfaces between different layers, even if the elastic constants of all the layers and substrate are assumed to be identical, the stability results of the system here are not equivalent to those of a simplified semi-infinite solid as in the former study of single layer film with flat film-substrate interface. [20] [21] [22] So to obtain the exact and direct solution of these equations is very difficult for large k, even in a linear analysis.
Here we propose a recursive procedure to directly calculate the strain fields of this multilayer system to first order of perturbations. In the framework of isotropic elasticity and the linear analysis, the elastic free energy can be determined from the exact solution of the ͑first-order͒ elastic fields and then used in dynamical equation ͑4͒ for the analysis of morphological evolution.
The basic state of this multilayer structure corresponds to a uniform film with a planar growing surface at constant rate v k and all the planar and coherent interfaces underneath. Since the basic state of the substrate is stress-free, with ū ␣,0 ϭū ␣␤,0 ϭ ␣␤,0 ϭ0 (␣, ␤ϭx, y, z), and all the surface and interfaces are flat, due to the coherency of the film there are no in-plane displacement and strain for all the layers, so that ū x,i ϭū y,i ϭ0 and ū x␤,i ϭū y␤,i ϭ0 (␤ϭx, y, z and 1рi рk). Also, from the boundary condition ͑7͒ on the top surface and the coherency at all the flat interfaces, we have ␣z,i ϭ0 with ␣ϭx, y, z in each layer i. The displacement in the z direction is nonzero: The expansion form of the mechanical equilibrium equation for each layer or substrate can be obtained by substituting Eq. ͑5͒ into Eq. ͑6͒ and expanding in Fourier space with respect to perturbations around the above basic state ͑in the following expressions all the hatted quantities denote the corresponding Fourier perturbations͒:
for the ith layer (1рiрk) or substrate (iϭ0), with the general solution
for 1рiрk, and
for substrate iϭ0 due to boundary condition ͑9͒, where the parameters 
Note that when iϭ0, we have ū 0 ϭ 0 ϭ0 and ĥ 0 ϭ for the substrate, and condition ͑9͒ has already been used to obtain the solution form ͑12͒.
All the above mechanical equilibrium equations and boundary conditions are for the k-layer system, and are also fulfilled by the (kϪ1)-layer system before layer k is deposited, with k replaced by kϪ1. Let us denote the elastic displacement field for this (kϪ1)-layer system ͑with average film thickness ͚ iϭ1 kϪ1 l i ) by u ␣,i ͉ kϪ1 with 0рiрkϪ1 and ␣ ϭx, y, z, where ''͉ kϪ1 '' represents that the system is of (k Ϫ1) layers. When a new layer k is deposited, the elastic state of the whole multilayer is changed and the displacement field is now u ␣,i ͉ k ͑for the k-layer system with average film thickness ͚ iϭ1 kϪ1 l i ϩv k t). For all the buried (kϪ1) layers and substrate, this elastic field is composed of two contributions,
Here the first contribution u ␣,i o ͉ k is the old-state field before the deposition of new layer k, and is identical to u ␣,i ͉ kϪ1 determined by the previous (kϪ1)-layer system and assumed to be known. The second contribution u ␣,i n ͉ k represents all the change of strain field caused by the new deposition, and is the unknown new-state field. The other unknown quantity is the elastic field of the new top layer k: u ␣,k ͉ k , and both of them should be calculated from the mechanical equilibrium equations and boundary conditions.
Since the old-state field u ␣,i o ͉ k ϭu ␣,i ͉ kϪ1 obeys the mechanical equilibrium equation ͑6͒ ͓or Eq. ͑10͔͒, from Eq. ͑15͒ we know that new-state elastic field u ␣,i n ͉ k also follows the same equation, with the same solution forms ͑11͒ and ͑12͒, and so does the unknown elastic field u ␣,k ͉ k of the new layer k. For the linearized boundary conditions ͑13͒ and ͑14͒, when we replace û ␣,i by formula ͑15͒, ␣␤,i by
which can be obtained according to Eq. ͑5͒, and use the similar boundary conditions for the (kϪ1)-layer system, which are: at zϭh kϪ1 , ␤z,kϪ1 ͉ kϪ1 ϭiq ␤ kϪ1 ĥ kϪ1 and zz,kϪ1 ͉ kϪ1 ϭ0, and at zϭh i for (iϩ1)/i interface (0рiрkϪ2),
we can derive the simplified boundary conditions for newstate fields u ␣,i n ͉ k (0рiрkϪ1) and for the top-layer field
On top surface of the k-layer system, i.e., zϭh k , condition ͑13͒ remains unchanged,
while at zϭh kϪ1 for the k/(kϪ1) interface, we have ͑with ␤ϭx, y and
At all the other underlying interfaces, the boundary conditions are much simpler:
at zϭh i with ␣ϭx, y, z and 0рiрkϪ2. Note that the boundary conditions ͑18͒ for all the interfaces buried below layer kϪ1 are equivalent to those of planar interfaces in the elastic media with displacement fields û ␣,i n ͉ k . Thus, from all the boundary conditions ͑16͒-͑18͒ and the mechanical equilibrium equations followed by elastic fields û ␣,k ͉ k and û ␣,i n ͉ k , we can obtain an effective elastic system for which the elastic state is identical ͑to first order͒ to that of the k-layer system we are interested in. This effective system is composed of a growing and undulating surface of top layer k with condition ͑16͒, a nonplanar interface between layers k and kϪ1 with special boundary conditions ͑17͒, as well as the effective planar interfaces ͑with respect to the new-state fields û ␣,i n ͉ k ) between all the other buried layers and between film and substrate. The schematic illustration of this procedure is shown in Figs. 1͑a͒ and 1͑b͒, where Fig. 1͑a͒ presents the original k-layer system with nonplanar surface and interfaces and with elastic fields u ␣,i ͉ k (0рiрk) to be determined, and Fig. 1͑b͒ is the effective system ͑related to elastic fields u ␣,k ͉ k for top layer k and u ␣,i n ͉ k for all layers underneath͒ that we obtain here to first order of perturbations.
This elastic system can be further simplified and then solved exactly when we consider the identical elastic constants for all the layers and substrate. The assumption of identical elastic constants is applicable to the system of which substrate and all the layers in the film are composed of materials with similar elastic constants, and is used in the following calculations so that we could focus on the effects FIG. 1. Schematic diagram of the simplification procedure for determining the elastic state of the multilayer system. ͑a͒ The original k-layer structure that we study, with growing and undulating surface ͓located at zϭh k (x,y,t)] and with nonplanar and frozen interfaces ͓located at zϭh i (x,y)] between buried layers iϭkϪ1, kϪ2, . . . ,1, and 0 ͑substrate͒. The elastic displacement field of each layer is indicated as u ␣,i ͉ k with ␣ϭx, y, z. ͑b͒ The effective system of which the elastic state is identical to that of system ͑a͒ to first order of perturbations. Note the planar interfaces between layers i and iϪ1 with 0рiрkϪ1, which are considered to be in the effective elastic media of new-state fields u ␣,i n ͉ k . ͑c͒ The simplified system that is equivalent to system ͑b͒ when the elastic constants of all the layers and substrates are assumed to be identical. Then we have only one layer on a semi-infinite effective medium, with a rough surface and single nonplanar interface. In both ͑b͒ and ͑c͒, top free surface obeys the boundary condition ͑16͒ and the k/(kϪ1) interface fulfills the special boundary condition ͑17͒.
related to surface mobilities and layer thicknesses. Note that for a single-layer film, grown on a flat substrate, the elastic behavior of the system is equivalent to that of a semi-infinite stressed solid in the case of equal elastic constants. 20, 22 This can also be obtained by combining the elastic solution forms in Eq. ͑11͒ for layer 1 and in Eq. ͑12͒ for substrate with the flat boundary condition ͑18͒, which leads to the identical ͑new-state͒ elastic fields for the first layer and substrate, i.e.,
Similarly, from all the effectively planar boundaries below layer kϪ1 ͓as shown in Eq. ͑18͒ and Fig.  1͑b͔͒ , we can obtain the same solution for the new-state elastic fields in all the buried layers and substrate:
This implies that the elastic state ͑with respect to û ␣,i n ͉ k ) for all these layers and substrate (0 рiрkϪ1) is equivalent to that of a single semi-infinite effective medium.
Consequently, under the approximation of identical elastic constants and in a first order analysis, we can simplify the original k-layer structure to an elastically equivalent system composed of a single layer k ͑with elastic field u ␣,k ͉ k ) and an underlying effective semi-infinite elastic medium ͑with respect to field u ␣,kϪ1 n ͉ k ), as illustrated in Fig. 1͑c͒ . Now we only have one nonplanar interface at zϭh kϪ1 , but with special boundary condition ͑17͒ which is different from that of the usual single-layer film growth. The undulating free surface at zϭh k satisfies condition ͑16͒ as usual. The elastic state of this effective system can be solved directly, in a manner similar to that for the case of a single-layer film with rough film-substrate interface ͑but with different boundary condition͒. 28 Thus, from Eq. ͑15͒ ͓and noting the boundary condition ͑17͔͒, we can obtain the elastic fields of the original k-layer system û ␣,i ͉ k (0рiрk) expressed by that of the previously grown (kϪ1)-layer system û ␣, j ͉ kϪ1 (0р jрk Ϫ1).
Using the same method, elastic fields û ␣, j ͉ kϪ1 can be calculated in terms of û ␣, j ͉ kϪ2 for the (kϪ2)-layer system. This procedure is repeated by expressing the elastic fields for i-layer system in terms of those for (iϪ1)-layer system with iϭk, kϪ1, kϪ2, . . . ,2, until we reach the single-layer system for which the elastic fields û ␣,i ͉ 1 (iϭ0, 1) have already been obtained for both the cases of planar 20 and rough 28 film-substrate interface. Thus, from this recursive procedure we can derive the first-order elastic fields of the k-layer growing system in the expression of known material parameters, and then calculate the elastic free energy for the determination of morphological evolution equation.
III. MORPHOLOGICAL EVOLUTION FOR THE GENERAL CASE
In the linearized equation ͑4͒ for surface morphological evolution, the first-order elastic energy density is Ê k (q) ϭ k (û xx ͉ k ϩû yy ͉ k ) with strain tensors û xx ͉ k and û yy ͉ k evaluated at the top surface zϭh k . For the case of identical elastic constants (E, , and ) in all the layers and the substrate, the method in Sec. II ͓or the effective system in Fig. 1͑c͔͒ yields
where EЈϭ2E(1ϩ)/(1Ϫ) and l k ϭv k t is defined for the top growing layer k. Also û ␣,kϪ1 ͉ kϪ1 (zϭh kϪ1 ) is obtained from the solution of elastic fields according to the recursive procedure presented in Sec. II, with the result,
with ū j ϭ⑀ j (1ϩ)/(1Ϫ). Substituting Eq. ͑19͒ into Eq. ͑4͒, we obtain the evolution equation of surface morphological perturbation,
corresponds to the ͑single-layer͒ perturbation growth rate without the coupling of buried layers and interfaces, and the interface perturbations ĥ j and are time independent due to the absence of interdiffusion. In Eq. ͑20͒, the influence of elastic properties and morphologies of all buried layers on the evolution of the top surface profile is shown explicitly. Note that due to the exponential decay term exp(Ϫq͚ iϭjϩ1 kϪ1 l i ), there is much smaller influence from lower buried layers, as usually expected.
Note that the above linearized dynamical equation for surface morphology is different from that in Ref. 24 by Shilkrot et al. for a periodic structure composed of alternating layers of materials A and B ͓see Eq. ͑10͒ there͔, which was also derived to first order of perturbations with the assumption of equal elastic constants within the multilayer structure. This is attributed to the different methods in the elastic analysis of the system. Shilkrot et al. used the Eshelby procedure 25 by assuming each buried interface as the interface of a misfitting inclusion in a semi-infinite homogeneous and isotropic elastic medium with free surface, and considered the contribution from each interface to be separate. Here we apply a more direct procedure to determine the elastic state, and find that for this highly inhomogeneous system, an underlying interface can only be treated as one between an effective semi-infinite homogeneous medium ͑with respect to a newstate elastic field u ␣ n ) and another elastic medium ͑of top layer͒ with finite thickness and free top surface, under the condition of identical elastic constants and linear analysis ͓see Fig. 1͑c͔͒ . The explicit form of our evolution equation is simpler than that of Ref. 24 and so is our solution as well as the corresponding recurrence relation as shown in Sec. IV for the periodic A/B system.
Using the initial condition ĥ k (q,tϭ0)ϭĥ kϪ1 (q), we can easily solve the evolution equation ͑20͒, with the result for the top surface morphology,
which is one of the central results of this paper. In Eq. ͑22͒, the morphologies of buried interfaces (ĥ j , jϭ1, . . . ,kϪ1) remain unchanged during the evolution process of top layer, as a result of negligible bulk diffusion of the film, and can be determined from the similar calculation for lower j-layer system. In the case of nonzero misfits for all the deposited layers, ͑i.e., ⑀ i 0 for all iϭ1,2, . . . ,k), Eq. ͑22͒ can be reduced recursively through the expression of the surface or interface perturbation in terms of the perturbations of two lower successive interfaces, leading to the form,
and L j,1 (q) and L j,2 (q) are obtained by replacing k with j as well as t with l j /v j in L k,1 (q,t) and L k,2 (q,t), respectively. Results for first and second layer perturbations ĥ 1 and ĥ 2 are presented in the Appendix, for both rough ( 0) and planar (ϭ0) film-substrate interfaces. Therefore, from Eqs. ͑23͒-͑25͒ and the results in the Appendix, we obtain the explicit expression for first-order surface morphological perturbation ĥ k (q,t) in terms of known material parameters, which can be directly used for stability analysis as shown in the following sections. Note that the above solution results apply to the general case for which growth parameters ͑including the layer thicknesses, misfits, surface mobilities, surface tensions, and deposition rate͒ of different layers can be different, and then apply to both the nonperiodic and periodic multilayer structures. Also we have assumed the identical elastic constants in the whole multilayer film, and the nonzero misfit strains for all the layers. In the case of zero misfit ⑀ i ϭ0 for some spacer layers i ͑corresponding to the strained/spacer multilayer structures͒, the solution forms are simpler and will be discussed in Sec. V.
IV. TENSILEÕCOMPRESSIVE MULTILAYERS: PERIODIC AÕB SYSTEM
Here we apply the results for morphological evolution, derived in the last section, to the periodic tensile/ compressive multilayer structures that have been investigated in many experiments, such as InAs/AlAs on InP͑001͒, 2-5 GaInP͑InGaAs͒/InAsP on InP͑001͒, [6] [7] [8] etc. This type of multilayer film consists of two kinds of alternating layers with materials A and B. Then we have misfit strain ⑀ A , layer thickness l A , surface mobility ⌫ A , surface tension ␥ A , and deposition rate v A for odd-number strained layers, and the corresponding parameters ⑀ B , l B , ⌫ B , ␥ B , and v B for even-number layers, with nonzero misfits for all the layers: ⑀ A 0 and ⑀ B 0.
A. Formulation of morphological evolution
For this periodic A/B system, the solution for the top surface morphological perturbation can be directly obtained from Eqs. ͑23͒-͑25͒. For a k-layer structure, when k is odd implying that the top layer k is of material A, we have
with 2ϫ2 matrices,
while for even number of deposited layers, the top layer k is of material B and the solution form is
͑28͒
Here, solutions ͑26͒ and ͑28͒ are expressed in dimensionless form, and we have used the rescaling q*ϭql A 0 , ϭt/ A 0 , and
with the characteristic length and time scale respectively given as
and
These are determined according to the ͑single-layer film͒ growth of layer 1 ͑assumed of material A). We also introduce the characteristic velocity
as well as the following transformations:
͑33͒
Then the matrix elements in Eq. ͑27͒ are rescaled as 
͑35͒
From Eq. ͑35͒, we can have A *Ͼ0 or B *Ͼ0 for a certain wave number q*, and then the expressions in Eq. ͑34͒ show that ͉L A1(2) ͉ӷ1 or ͉L B1(2) ͉ӷ1 when time is very large. Consequently, we can obtain from Eqs. ͑26͒ and ͑28͒ that for a certain top surface layer, when the growth time is large enough the amplitude of surface perturbation ĥ will grow rapidly with time. Thus, in principle this multilayer system is unstable. However, in real experiments the thickness of each layer (l A or l B ) is fixed, including the top layer, then the growth of this multilayer system could be effectively stable or unstable. [2] [3] [4] [5] 24 That is, when the film surface is flat after the growth of large number of strained layers (kӷ1), i.e., the initial perturbation decays with further deposition, the system is effectively stable; otherwise, if the initial perturbation is amplified and grows in amplitude, the system is unstable. For the latter case, the film surface is observed to be very rough, with regular or irregular modulations.
The stability properties can be calculated from Eqs. ͑26͒ and ͑28͒, where ĥ k *(q*,), L A , and L B should be replaced by ĥ k *(q*), L A , and L B , respectively, and then the top surface perturbation is mainly determined by the power of matrix L ϭL B L A , which has two eigenvalues 1 and 2 given by 1,2 ͑ q*͒ϭ 1 2
͖.
͑36͒
Assuming that the corresponding two eigenvectors of matrix L are linearly independent, we obtain the explicit expression for the top surface morphological perturbation ĥ k *(q*),
which can be easily proved to be proportional to k/2 ͓ ϭmax( 1 , 2 )͔ for real eigenvalues, or to ͉͉ k/2 (͉͉ϭ͉ 1 ͉ϭ͉ 2 ͉) for a complex eigenvalue pair, when the number of total layers k→ϱ. Thus, the effective stability of this multilayer system ͑defined for kӷ1) is determined by the magnitude of eigenvalue ͉͉. When the maximum ͉͉ ͑with respect to wave number q*) is larger than 1, the surface perturbation grows, leading to the instability of the multilayer film; otherwise, if ͉͉р1 for all the q* modes, the system is stable due to the decay of surface perturbations. According to Eqs. ͑34͒ and ͑36͒, the value of ͉͉, and then the stability properties of the system, depend on 6 dimensionless parameters ⌫ B */v B * , ⑀ B * , v A * , l A * , l B * , and ␥ B * that are defined in Eq. ͑33͒.
The expression for remains unchanged with respect to the interchange of A and B layers, since the eigenvalues of
͑27͒, are the same. Thus, the stability properties of multilayer structure are determined by ͉͉ and are identical in the k →ϱ limit for the A/B and B/A stacking forms.
Note that the stability analysis presented here is for very large kӷ1, while for the morphology of each layer i (i ϭ1, . . . ,k), or for the phase 24 between two successive strained layers, which depends on the sign of ĥ i */ĥ iϪ1 * , the evolution Eqs. ͑26͒ and ͑28͒ ͓with the explicit expressions similar to Eq. ͑37͔͒ should be used. Although the stability properties for kӷ1 are independent of the type of the first layer or the interchange of A and B layers in the structure, the detailed morphology of each layer i may be influenced by whether the first deposited layer is tensile or compressive, as seen from the expressions ͑26͒, ͑28͒, and ͑37͒.
B. Stability results
In this subsection, we present the results of stability diagrams for various ͑rescaled͒ material parameters and growth conditions. The stability properties are determined through the maximum magnitude of eigenvalue , with the use of the above analytic expressions and discussions. One of the factors that we focus on is the surface mobilities of strained layers. During the growth process, different mobilities of A and B layers result in different interface morphologies which are frozen in due to the deposition of upper layers, but which can influence the system's strain field and the evolution of top surface profile.
A common feature of the stability diagrams presented in this subsection is that the multilayer system can be effectively stabilized by large enough deposition rate (v A * and v B *), as also found in experiments. 3, 8 This is similar to single-layer film growth: [20] [21] [22] 27, 28 for large enough deposition rate, the morphological perturbation of layer surface does not have enough time to develop through surface diffusion, since it is buried and frozen by fast subsequent materials deposition.
Effect of different surface mobilities in strained layers
Stability diagrams in the l A * -v A * space are shown in Fig. 2 for different relative surface mobilities ⌫ B *ϭ⌫ B /⌫ A ϭ0.001, 0.01, 1, and 100 ͑other parameters are ⑀ B *ϭϪ1, l A *ϭl B * , v A *ϭv B * , and ␥ B *ϭ1). Important features are: larger deposition rates imply greater stability, very thick or very thin layers imply instability and for large l A and l B , multilayer systems lose coherency; larger relative mobility ⌫ B * leads to more instability ͑note the larger unit-scale for v A * in the inset͒.
To understand the effect due to different mobilities, we consider that the increase of ⌫ B *ϭ⌫ B /⌫ A corresponds to keeping the parameters of material A ͑including ⌫ A , ⑀ A , and ␥ A ) unchanged, as seen in the rescaling Eq. ͑33͒, and to the increase of surface mobility ⌫ B of layer B. Consequently, for larger ⌫ B * , the morphological instability is enhanced due to a faster diffusion on surface of layer B ͑driven by nonuniform strain energy distribution 19, 20 ͒, and then larger deposition rates v A * and v B * are needed to suppress it. In multilayer experiments, different mobilities result in different morphological profiles of A and B layers. 4 Layers with high mobility exhibit the morphology of ripples with high peaks and deep valleys, while for layers with low mobility, the flatter profile is observed. Therefore, increasing the surface mobility of either type of layer leads to a rougher surface profile, which is more difficult to be smoothed out during subsequent growth.
Our analytic expressions in the last subsection can also explain this effect. Equations ͑36͒ and ͑34͒ show that the value of ͉͉, which determines the effective stability of the system, depends on parameter ⌫ B */v B * . Thus, when ⌫ B * is larger, deposition rate v B * should be correspondingly increased in order to keep the same value of ⌫ B */v B * , or to retain the system within the region of stability.
Interplay between mobility and global misfit of multilayer
In the tensile/compressive multilayer structures, one important parameter is the global strain of the whole multilayer film with respect to substrate, which varies with the relative layer thickness l B */l A * (ϭl B /l A ) and relative misfit ⑀ B * (ϭ⑀ B /⑀ A ). A qualitative measure of the global strain is provided by l A ⑀ A ϩl B ⑀ B . It is interesting to study the stability properties of systems with different global misfits, in particular the asymmetry for global tensile and compressive multilayers and its relationship to different surface mobilities of composite layers.
The effect of relative thickness l B */l A * ͑with fixed relative misfit ⑀ B *ϭϪ1) is depicted in Figs. 3 and 4 . In Fig. 3͑a͒ Fig. 4͑b͒ shows that the stability diagram is much more symmetric. Also, for different relative mobilities ⌫ B * ͓e.g., 0.01 and 0.001 as in Fig. 4͑a͔͒ , the system can display either a greater instability or a greater stability as the layer period thickness l A *ϩl B * is increased. This can be understood through the stability diagram of l A * versus v A * in Fig. 2 , where within a different range of values of l A * , one can see that the stability can either increase or decrease with layer thickness l A * . This stability property with respect to period thickness is richer compared to the observation in InAs/AlAs experiments, where the modulation amplitude of the films was found to decrease with the decrease of period thickness. Consequently, these stability diagrams in Figs. 3 -5 show that when the sign of the multilayer global strain is the same as that of the layers with smaller surface atomic mobility, the system is more stable; otherwise, when the layers with larger mobility have relatively larger misfit strain or layer thickness, the modulations on the surface of these layers are enhanced due to faster surface diffusion and are hard to be suppressed by the subsequent deposition of layers with smaller mobility. Note that this result of stability asymmetry, which looks different for ⌫ B *Ͼ1 and Ͻ1, is in fact symmetric with respect to the exchange of A and B layers. For example, when layer A is compressive, layer B is tensile, and ⌫ B *ϭ⌫ B /⌫ A Ͻ1, we obtain from above analysis that global tensile multilayer film is more stable. If A and B are interchanged, layer AЈ ͑of material B) is tensile and layer BЈ ͑of material A) is compressive, with ⌫ B Ј * Ͼ1; then according to above result, the global strain of the more stable system should be the sign of layer AЈ, which is also tensile.
In recent experiments of InAs/AlAs short-period superlattices grown on InP͑001͒, 2-5 the system with large tensile global strain was observed to be stable. This is consistent with our theoretical results, since AlAs is tensile with respect to substrate InP, InAs is compressive, and importantly, Al has much smaller surface atomic mobility, leading to the possibility of stabilization for global tensile multilayer ͑corre-sponding to thicker AlAs layers͒ due to the above analysis. For the global compressive films ͑corresponding to thicker InAs layers͒, our calculations yield much larger instabilities, in agreement with the most recent experimental observation 5 that although the multilayer structure under global compression exhibits weak lateral modulations as a whole, the system is in fact morphologically unstable due to a high degree of surface roughness and the reduced strength of lateral modulations can be attributed to irregular surface patterns.
To further compare with the experiments of InAs/AlAs, 4͒ result in more unstable global tensile film. Interestingly, for larger thickness l A *ϩl B *ϭ0.9, from Fig. 4 we can get a maximum boundary value of v A * ͑maximum instability͒ in the tensile region when l B /l A is somewhat larger than 1 ͑i.e., the whole multilayer is somewhat tensile͒, which may correspond to the experimental observation of the maximum modulation for slightly global tensile InAs/AlAs film.
2,4 Also there is a minimum boundary value v A * for l A *ϩl B *ϭ0. 9, showing the maximum stability at some higher global strain.
Although our theoretical results qualitatively agrees with some experimental observations, for the quantitative comparison more realistic factors should be considered in our model. One important factor is the ''wetting effect,'' 29 especially for the multilayer structures like short-period superlattices where the thickness of each strained layer is very thin and then the film-substrate and layer-layer interface energies have to be carefully included in Sec. II. This effect is absent in our calculation but applicable to the InAs/AlAs experimental system.
Strain-balanced condition
In some experiments for multilayer film growth, the strains caused by tensile and compressive layers are balanced. That is, the system fulfills the strain-balanced condition l A ⑀ A ϩl B ⑀ B ϭ0, or equivalently, l B */l A *ϭϪ1/⑀ B * , which makes the global misfit of multilayer film related to substrate equal to zero. One would expect that the corresponding stability diagrams are less asymmetric compared to the globally strained system studied above. This is seen in Fig. 6 for diagrams of l B */l A * versus v A * ͑with fixed l A *ϩl B *). However, the asymmetry is still obvious, and from these stability diagrams of zero global strain we obtain an interesting property that for all values of relative mobilities ⌫ B *ϭ⌫ B /⌫ A , the multilayer structures are more stable, that is, can be stabilized by lower rescaled deposition rates v A * and v B * , when the relative misfit ͉⑀ B *͉ϭ͉⑀ B ͉/͉⑀ A ͉Ͻ1 ͑or equivalently, l B /l A Ͼ1). Figure 6 should be compared to Figs. 5͑c͒ and 5͑d͒, since the latter does not have a strain-balanced condition.
Note that this result is obtained for fixed material parameters ⌫ A , ⑀ A and ␥ A ͓especially for rescaled deposition rate
) that determines the degree of stability here͔, and one can obtain the same result with respect to fixed B parameters by interchanging A and B in the calculation ͑see also similar diagrams for ⌫ B *Ͻ1 and Ͼ1). Thus, when we already have one layer material 1 ͑with misfit ⑀ 1 ), to make the multilayer system more stable, the other layer material 2 should be selected to have smaller misfit in relation to the substrate ͑i.e., ͉⑀ 2 ͉Ͻ͉⑀ 1 ͉), which implies a larger layer thickness l 2 Ͼl 1 due to the strainbalanced condition.
Consequently, with the condition of strain balance, the multilayer structure with asymmetric A and B layers ͑consist-ing of alternately thin strained layers and thick layers with less misfit of opposite sign͒, are more stable compared to that with symmetric properties ⑀ A ϭϪ⑀ B and l A ϭl B , and more the asymmetry, more the stability. Also, this result is independent of the relative surface mobility of two types of layers. This theoretical prediction, which is different from the case of nonzero global strain studied above, should be related to different multilayer structures with different types of composite layers, and is yet to be verified by experiments.
In fact, this result can lead to the well-known fact of the heteroepitaxial growth: the system is more stable for less strained composite layers. When we fix material A and select material B, the system is more stable for the material with smaller misfit ⑀ B ͑and then larger thickness l B ) according to our result; then, if we fix material B and select other type of layer A, the material with smaller ⑀ A corresponds to more stable system. The repeat of this selection procedure leads to an obvious result that the most stable multilayer system is the structure in which both misfits ⑀ A and ⑀ B are as small as possible.
Role of surface tension and growth temperature
Our results for stability properties are not very sensitively dependent on relative surface tension ␥ B *ϭ␥ B /␥ A . ͑One of the major reasons may be that the wetting effect 29 is not considered here.͒ See diagrams of l A * versus v A * in Fig. 7͑a͒ , with ⌫ B *ϭ0.01 and different ␥ B *ϭ0.1, 1, and 10. For relative tension ␥ B *Ͻ1, the stable region is smaller; but the stability diagrams do not change much if we compare the result of ␥ B *ϭ10 to that of 0.1 ͑with the difference of two orders of magnitude for ␥ B *).
We also calculate the diagrams as a function of l B */l A * and v A * in the strain-balanced condition, for different relative sur- face tension ␥ B * , as shown in Fig. 7͑b͒ . The results depend on the relative mobility ⌫ B * and period thickness l A *ϩl B * . For l A *ϩl B *ϭ0.9 and ⌫ B *ϭ1, the inset of Fig. 7͑b͒ shows that the stability of the system increases with the increase of ␥ B * , while for smaller ⌫ B *ϭ0.01, the results are more complicated; for large l B /l A , ␥ B *ϭ1 ͑i.e., ␥ A ϭ␥ B ) corresponds to the most stable case, but for small l B /l A , larger ␥ B * favors the stability.
Growth temperature is an important factor in real experiments. Our results in Sec. IV A show that the stability properties are affected by growth temperature T via mobilities ⌫ A and ⌫ B , since the rescaled parameter ⌫ B * changes exponentially with T: to the stability diagrams in e.g., Fig. 2 . Similar results can be obtained for E B ϽE A ͑i.e., ⌫ B *Ͼ1). As discussed above, when T increases, the value of v A(B) * gets smaller, leading to more unstable system, but ⌫ B * also decreases, favoring the stability of the film. Note that due to 0ϽE A ϪE B ϽE A , the reduction of ⌫ B * is much slower than that of v A(B) * as T is increased. Hence, we still have the result that higher growth temperature enhances the instability of this multilayer structure, as expected.
C. Discussion
For the alternating tensile/compressive multilayer, when a layer i, which is tensile ͑compressive͒ with respect to the substrate, is grown with the presence of undulating surface, local strain energy concentration is created at the surface troughs with more stress relaxation at the peaks. When the next compressive ͑tensile͒ layer iϩ1 containing larger ͑smaller͒ atoms is deposited on it, the difference of strain energy density along the underlying surface drives the deposited atoms to the trough regions. 24 This corresponds to the coupling of strain fields for two successive upper layers, while in reality the strain coupling is more complicated due to the influence of lower buried layers, which has been shown to decay exponentially with the distance from the growing surface ͓see Eq. ͑20͔͒. Nevertheless, some of our results in Sec. IV B can be explained by this simple twolayer coupling picture. When the layer thickness is too small, that is, the deposited material is not enough to smooth out the underlying troughs, the subsequent deposited layer iϩ2 will deepen the corrugations since it is of the same material as layer i. Thus, the surface perturbation is amplified by subsequent depositions of different layers, rendering the system unstable. On the other hand, when the layer thickness is too large, we have inverse morphology, that is, peak ͑valley͒ forms and continues to grow above the valley ͑peak͒ of underlying layer i, and then the surface morphological modulations cannot decay with the layer stacking. Thus, for intermediate range of layer thickness, the multilayer is more stable, i.e., lower deposition rate is needed to reduce and suppress the surface undulations during each layer growth. Here, surface mobility plays an important role. Smaller mobility leads to slower stress-driven surface diffusion process, and then the surface morphology has less dependence on the corrugations of underlying layer. Consequently, the stability results in Fig. 2 can be reproduced, that is, the system is more unstable for too small or too large a layer thickness, higher relative mobility, and smaller deposition rate.
More interesting results are found for the multilayer films with global misfit with respect to the substrate. When the layers with smaller surface mobility have larger thickness or larger magnitude of misfit, that is, the sign of the multilayer global strain is the same as that of this type of layers, the system is more stable. This can also be seen in the above approximate picture of two-layer coupling. For example, for the growth of layer with small mobility, the surface evolution does not depend much on the undulations of the layer underneath, and then with large thickness the surface profile is flatter than that of the underlying layer ͑as observed in experiments͒; when the next layer with larger mobility is deposited, the surface corrugation develops but is limited due to the smaller layer thickness. Therefore, the modulations are easier to suppress during the layer stacking procedure. This asymmetric property is consistent with the recent experimental results of InAs/AlAs on InP͑001͒, where the films under high global tension have been found to be stable 2-5 while those under global compression are much more unstable. 5 Note that the formation of lateral modulations observed in the whole multilayer film is due to the regular surface modulated pattern; for irregular surface pattern weak lateral modulations are observed, but the surface could be very rough, corresponding to unstable system. 5 The other property we obtain for the tensile/compressive multilayer is related to the films with strain-balanced condition, i.e., zero global strain. We find that with this constraint, the multilayer structure is more stable if one type of strained layers is thicker and then has less misfit of opposite sign compared to the other type. To see this in experiments, one should compare multilayer films composed of different materials ͑such as A/B and A/BЈ structures both with zero global strain, but l B l B Ј and ⑀ B ⑀ B Ј ). As discussed in Sec.
IV B 3, this asymmetry property in fact leads to the wellknown result that smaller misfits of each composite layer results in a more stable system.
V. STRAINEDÕSPACER MULTILAYER STRUCTURES
The other kind of multilayer that we are interested in is the structure with strained/spacer stacked layers. In this system, the strained layers ͑either tensile or compressive with respect to the substrate͒ and spacer layers are alternately deposited on a substrate of material B, such as InAs/GaAs͑001͒, [11] [12] [13] Ge/Si͑001͒, 14 -16 and SiGe/Si͑001͒. 9, 10, 18 The strained layers are odd-numbered (i ϭ1,3, . . . ), with nonzero misfit strains ⑀ i 0, while the even-numbered spacer layers ( jϭ2,4, . . . ) are of substrate material B, with zero misfit ⑀ j ϭ⑀ B ϭ0. Here, we consider the case in which all the spacer layers are thick enough, such that the interface between a spacer layer j and a strained layer ( jϩ1) is atomically flat (ĥ j ϭ0 for even j) since the growth front of previously deposited strained layer is smoothed out. ͓If in the solution ͑22͒, one sets ⑀ k ϭ⑀ B ϭ0, then k is negative and for thick enough spacer layers, Eq. ͑22͒ leads to a flat top surface of the spacer layer. This is also seen in many experiments.͔
The experimental interest for this multilayer structure is different from that of the tensile/compressive multilayer due to the presence of spacer layers. This system is morphologically unstable ͑as verified below͒, and 3D islands develop for each strained layer with the self-organized formation of multisheet arrays of islands along the growth direction. It has been observed that both size and regularity of islands increase with the increment of deposition layers, and then saturate for large enough layer numbers. In the linear analysis presented here, this property of the island size can be explained through the study of kinetic critical thickness for the onset of 3D instability, with details shown in Sec. V B.
A. Elastic analysis and morphological evolution
The recursive procedure for elastic analysis presented in Sec. II can be applied to the strained/spacer multilayer structures. The corresponding results are simpler due to the zero misfit of spacer layers and the flat strained/spacer interfaces ͑i.e., ⑀ j ϭ0, ĥ j ϭ0 for even j), and are different for the oddnumbered ͑strained͒ and even-numbered ͑spacer͒ layers. Consider a k-layer system with top layer k strained with respect to the substrate ͑i.e., with odd number k). Thus, the interfaces between odd-and even-numbered layers ͑that is, i/(iϪ1) interfaces with odd i and 3рiрk) in Fig. 1͑a͒ are planar. The effective boundary conditions at the top surface zϭh k and the interfaces zϭh i (0рiрkϪ2) below layer (kϪ1) are the same as Eqs. ͑16͒ and ͑18͒, while at the planar k/(kϪ1) interface the special boundary condition ͑17͒ should be revised as (␣ϭx, y, z)
Similar to the discussion in Sec. II, we obtain an elastically effective system composed of an undulating top free surface and a planar interface between top single layer k and an effective semi-infinite elastic medium of field u ␣,kϪ1 n ͉ k with boundary condition ͑38͒, to first order of perturbations and with the assumption of identical elastic constants. To determine the elastic fields recursively, we need to consider the system with smaller number of layers. For an m-layer system with 1ϽmϽk, the above results can be directly applied with the replacement of k by m if layer number m is odd. However, for even number m, the results are somewhat different due to the flat top surface of even-numbered spacer layer m. The corresponding effective system is in fact composed of top layer m, with a planar free surface, and underlying effective semi-infinite medium of elastic field u ␣,mϪ1 n ͉ m , with a nonplanar buried interface. The boundary conditions are different from those of Eqs. ͑16͒ and ͑38͒: At the planar top free surface zϭh m , ␣z,m ͉ m ϭ0, ͑39͒
while at the rough interface zϭh mϪ1 ,
n ͉ m , and
͑Here ␣ϭx, y, z and ␤ϭx, y.͒ According to the procedure in Secs. II and III, we can determine the elastic energy density and then derive the evolution equation for surface morphological perturbation of top strained layer k,
which in fact can be obtained from Eq. ͑20͒ of general case by considering ⑀ j ϭ0 and ĥ j ϭ0 for spacer layer j. For simplicity, here we assume the planar film-substrate interface, i.e., ϭ0, and the initial perturbation on the top surfaces of substrate and of all the spacer layers, from which the strained layers start growing, to be ĥ 0 (q), which can arise from the background roughness due to the noise of deposition flux even if the starting surface is perfectly flat. Then the solution of evolution equation ͑41͒ is expressed as
where A k (q,t) is the morphological perturbation amplitude for top surface of strained layer k. For kϭ1, A 1 (q,t) ϭexp( 1 t) according to Eq. ͑A1͒ and the result of singlelayer film growth; for kϭ3, we have
and for kу5,
where and Ā 3 (q), L 2 jϩ1,1 (q), and L 2 jϩ1,2 (q) ͓2р jр(kϪ3)/2͔ are obtained by replacing k with 2 jϩ1 and t with l 2 jϩ1 /v 2 jϩ1 in A 3 (q,t), L k,1 (q,t), and L k,2 (q,t), respectively. Formula ͑45͒ shows that when the underlying spacer layer is very thick, i.e., l kϪ1 ӷ1, we have L k,1 (q,t)→exp( k t) and L k,2 (q,t)→0. Then the single-layer solution similar to Eq. ͑A1͒: ĥ k (q,t)ϭexp( k t)ĥ 0 (q) is recovered for this multilayer structure with any value of the layer number k, as expected.
Consequently, we have derived the explicit solution ͓Eqs. ͑42͒-͑45͔͒ for the surface morphological perturbation, in terms of material and growth parameters for all the deposited layers (1рiрk): ⌫ i , ⑀ i , ␥ i , l i , v i , and the elastic constant EЈ. Also, the above expressions can be directly used to determine the early evolution and stability properties of stacked strained/spacer structures, for which the composite materials and growth conditions of different layers could be different ͑nonperiodic structure͒ or the same ͑periodic structure͒.
B. Results: Kinetic critical thickness
Here we apply the general results derived above to the periodic strained/spacer structure studied in many experiments, [9] [10] [11] [12] [13] [14] [15] [16] 18 for which, all the strained layers ͑odd-numbered͒ consist of the same material A, with the same deposition rate v A and average thickness l A , and the thickness of each spacer layer ͑even-numbered͒ is fixed as l B . Thus, from Eq. ͑44͒ the perturbation amplitude A k ͑for odd k and kу5) is simplified as
where L 1(2) (q,t) corresponds to L k,1(2) (q,t) in formula ͑45͒ in which one has set i ϭ A , ⌫ i ϭ⌫ A , ⑀ i ϭ⑀ A , ␥ i ϭ␥ A , l i ϭl A , and v i ϭv A (iϭk, kϪ2), and L 1(2) (q)ϭL 1(2) (q,t ϭl A /v A ), so that all of them are independent of the layer number. For smaller k, the amplitudes are A 1 (q,t) ϭexp( A t) for the single-layer film, and
as obtained directly from Eq. ͑43͒. From Eqs. ͑46͒ and ͑47͒ we find that when the growth time is large enough, i.e., tӷ1, the perturbation amplitude A k (q,t) is proportional to exp( A t), with positive perturbation growth rate for small wave number q as in the case of the single-layer film. In Fig. 8 , we show the maximum value of perturbation amplitude ͑with respect to wave number q) A k max (t) as a function of growth time t for different layer numbers, and note the positive growth rate. Thus, similar to the tensile/compressive structure discussed in Sec. IV, essentially this strained/spacer multilayer system is morphologically unstable. However, different from the tensile/ compressive films, the system here cannot be effectively stabilized ͑with the decay of initial morphological perturbation͒ in a certain range of growth parameters. This is due to the fact that the surface perturbation amplitude always increases with layer number k, i.e., A k (q,t)ϾA kϪ2 (q,t)Ͼ••• ϾA 3 (q,t)ϾA 1 (q,t)Ͼ0 for certain wave number q and growth time t (ϭl A /v A ), which can be proved analytically from Eqs. ͑46͒ and ͑47͒ ͑see also numerical result of maximum perturbation amplitude shown in Fig. 8͒, and attributed to the coupling of interface perturbations of all the buried layers exhibited in Eq. ͑41͒. Also, if the spacer layer thickness l B is large enough that L 2 (q)Ͻ1 for any mode q, we find the asymptotic expression for amplitude A k , as k →ϱ, as
Nevertheless, during the growth process the surface instability of top strained layer can be kinetically stabilized up to a critical thickness, as in the single-layer film growth. 20 For growing layer below this kinetic critical thickness, that is, at early time of layer deposition, the surface perturbation does not develop fast enough compared to the deposition of materials flux, and then is not observable. The perturbation becomes apparent relative to the background disturbance only when the layer is sufficiently thick and then the initial undulation ĥ 0 for the growth of top strained layer is substantially amplified. As in the study of single-layer film, 22 we use ln(ĥ/ĥ 0 )ϳ1 as the amplification limit, or equivalently, we use
with t c ϭh c ͉ k /v A , as a measure of the kinetic critical thickness h c ͉ k for a k-layer system ͑see Fig. 8͒ . In Eq. ͑49͒, we have assumed that the surface morphological property is dominated by the mode of maximum perturbation amplitude (A k max ), that is, by the wavelength of the strongest instability which, in single-layer case, may correspond to the wavelength of the surface roughness pattern observed in real experiments. 30, 31 The rescaled kinetic critical thickness h c ͉ k /h c ͉ kϭ1 ͑with h c ͉ kϭ1 the result for single-layer growth͒ is plotted as a function of layer number k in Fig. 9 , according to Eqs. ͑46͒ and ͑49͒. We choose the material parameters of Ge/Si͑001͒ multilayer growth, 15, 16 with strained layer thickness l A ϭ4 ML, deposition rate v A ϭ1 ML/min, temperature T ϭ550°C, and different spacer layer thickness l B ϭ8 nm, 8.5 nm, and 9.5 nm. ͑Typical Ge layers are rather thin and usually expressed in units of monolayers, while the Si spacer layers are relatively thick and appropriately expressed in nanometers, as in experiments. 14 -16 We use the conversion 1 ML ϭ0.1457 nm for Ge monolayers 15 in our calculations.͒ For surface mobility ⌫ k , the definitive measurement of its absolute value over a range of temperature is lacking, and we determine it from the expression of single-layer result:
, as well as the observed value of h c ͉ kϭ1 , corresponding to the experimentally measured 2D to 3D transition thickness, in Ge/Si͑001͒ growth. As illustrated in Fig. 9 , the kinetic critical thickness h c ͉ k first decreases monotonically and rapidly as the number k of deposited layers increases, and then slowly until it converges to a saturation value at large enough number k. This convergence effect is due to the asymptotic result of perturbation amplitude A k ͓see Eq. ͑48͔͒ when the spacer layer is sufficiently thick and then L 2 (q)Ͻ1. Also, from the comparison of different symbols ͑corresponding to different spacer layer thicknesses l B ) in Fig. 9 , we find that h c ͉ k is reduced more rapidly for thinner spacer layer, approaching a lower saturation value at larger number k. This can be attributed to the stronger coupling between top surface and the underlying layers and interfaces for smaller l B , as seen in Eq. ͑41͒.
These results shown in Fig. 9 , both for the behavior of h c ͉ k versus k and for the effect of spacer thickness l B , are in good agreement with the recent experimental observations [13] [14] [15] [16] of critical thickness for 2D-3D growth transition. The properties of kinetic critical thickness presented here can explain some experimental results for islands ͑quantum dots͒ growth. When the thickness of growing film exceeds h c ͉ k , the morphological instability occurs, exhibiting as surface ripples or corrugations which have been observed as the precursor to the coherent islands formation. 30, 31 Thus, smaller h c ͉ k not only corresponds to the earlier occurrence of islands during growth, but also results in larger island size since it implies more time for the development of 3D islands if the nominal thickness of top strained layer is fixed. Consequently, the results in Fig. 9 correspond to the experimental phenomenon of the increase and then saturation of islands size in upper strained layers. 13, 15, 16 To further study the effect of layer thickness, we plot the rescaled critical thickness h c ͉ k /h c ͉ kϭ1 as a function of spacer layer thickness l B in the inset of Fig. 9 , for different layer numbers kϭ3, 5, 7, and 11. h c ͉ k increases as the spacer thickness l B increases and the layers number k decreases, in agreement with Fig. 9 and recent Ge/Si͑001͒ experiments. 16 When l B is large enough, the increase of h c ͉ k becomes much slower, with the value approaching that of the single layer growth, as analyzed in Sec. V A. The relationship between the rescaled h c ͉ k and the thickness l A of buried strained layers is presented in Fig. 10 , which shows the opposite effect of l A . Larger l A causes rougher morphology of buried interfaces, and hence the enhanced perturbation on surface as a result of the strain fields coupling ͓see also Eq. ͑41͔͒. Consequently, for larger l A instability occurs earlier, with smaller value of h c ͉ k . The behavior of kinetic critical thickness h c ͉ k with respect to misfit strain ⑀ A and deposition rate v A is shown in Figs. 11͑a͒ and 11͑b͒. The results of kϭ1 there correspond to those of a single-layer growing film with a single component, for which the kinetic critical thickness is found to follow the ⑀ A Ϫ8 power law and increase linearly with v A .
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Similar properties can also be obtained in our calculations for strained/spacer multilayers with layer number kϾ1 and at small misfit ͓see the range ⑀ A Ͻ4% in Fig. 11͑a͔͒ and large deposition rate ͓see Fig. 11͑b͒ and its inset͔. However, small deviations do occur for large ⑀ A and very small v A , as illustrated in Fig. 11 , especially for large k systems. Around and beyond the misfit of 4%, Fig. 11͑a͒ shows that h c ͉ k for k Ͼ1 decreases faster than ⑀ A Ϫ8 as misfit increases, with the behavior deviated from the power law; also, as presented in Fig. 11͑b͒ , the linear relationship between h c ͉ k and v A is deviated slightly at very small deposition rate. These deviations are more obvious for larger number k. But when k is large enough (kу11 for the parameters of Fig. 11͒ , the graphs of h c ͉ k for different k are almost identical in Figs. 11͑a͒ and 11͑b͒, due to the convergence effect obtained analytically in Eq. ͑48͒ and shown numerically in Fig. 9 for large k.
Note that the kinetic critical thickness h c ͉ k studied here, which is for the onset of morphological instability during layer growth, is different from the wetting layer thickness h WL which corresponds to equilibrium critical thickness 32 ͑postgrown and thermodynamically stable͒ for the 3D island formation. Usually h c ͉ k Ͼh WL due to the consumption of wetting layer in the formation of 3D islands. For example, in the molecular-beam epitaxy ͑MBE͒ experiment of single layer Ge on Si͑100͒, 32 h c ͉ kϭ1 ϭ3.7 ML at temperature T ϭ700°C, while h WL ϭ3 ML.
For this stacked strained/spacer multilayer, due to the presence of spacer layers which are of the substrate material, the mechanism for morphological instability is more analogous to that of single-layer film growth compared to the tensile/compressive structure. But the crucial factor is still the coupling of strain fields in different strained layers. Also, from the general expressions in Sec. III, it is straightforward to obtain the results of morphological perturbation for the case of nonplanar and rough spacer layer B, that is, ⑀ i ϭ0 but ĥ i 0 for even number i. The corresponding stability properties and behavior of kinetic critical thickness are more complicated than those of the system with planar spacer layers studied above, due to the rough strained/spacer interfaces leading to a stronger coupling of strain fields.
VI. CONCLUSIONS
We have studied the early morphological evolution and stability/instability properties of coherent multilayer structures with the stacking of layers of different materials. Generally, the diffusion in the bulk film is assumed to be negligible, thus the phenomena observed in the whole multilayer films, such as the lateral composition modulations in tensile/ compressive multilayer and the vertically correlated arrays of islands in stained/spacer system, are in fact surface-induced and arise through the stacking of layers with the coupling of strain fields between surface and underlying layers. We have proposed a recursive procedure to directly calculate the elastic fields of a multilayer system to first order of perturbations. Then, based on the surface diffusion processes, the evolution equation of surface morphological perturbation is expressed through the elastic and morphological properties of all the layers underneath, including the misfit strains and buried interface perturbations. From the exact solution of this first-order equation, which is in terms of material parameters and growth conditions for all the deposited layers, we have determined the properties of stress-driven morphological instability for both the tensile/compressive and strained/spacer multilayers.
In this paper, we have only applied our results of early morphological evolution, derived in Secs. II and III, to two kinds of periodic multilayer structures, but more complicated structures can be studied similarly. Note that for multilayers with very thin layer thickness, i.e., for short-period superlattices, although our results can qualitatively explain and predict some experimental observations, more realistic factors such as the wetting effect should be included in our model to quantitatively describe the system properties. Also, studies beyond the linear analysis are needed to determine the details of morphological modulations or islands evolution during the multilayer growth. All these theoretical results can be useful in the fabrication of high-quality and novel multilayer structures.
